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DECLINE IN US REAL RATES

US TREASURIES
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RESEARCH QUESTION AND APPROACH

Research questions:
I Can we formalize the idea of secular stagnation?

I Is the natural rate of interest negative and what accounts for the
fall in the natural rate?

Approach:
I Simple three period model along the lines of Samuelson (1958)

I Quantitative lifecycle model (56 periods)
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PREVIEW OF FINDINGS

Properties of secular stagnation equilibrium:
I Slow moving factors that can push the natural rate negative
I ZLB may be binding for an arbitrarily long-period of time
I ZLB steady state is locally determinate

Quantitative findings:
I Fully account for decline in interest rates from 1970 to 2015
I Demographic factors and productivity play the largest role
I Secondary role for capital demand factors

Implications for monetary policy:
I Irrelevance of forward guidance
I Significant fall in long-run neutral interest rate to −1.5% to −2%
I Zero lower bound likely to remain binding
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HOUSEHOLDS
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CONSUMPTION AND SAVING

Credit-constrained youngest generation:

Cy
t = By

t =
Dt

1 + rt

Saving by the middle generation:

1
Cm

t
= βEt

1 + rt

Co
t+1

Spending by the old:

Co
t = −(1 + rt−1)Bm

t−1
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DETERMINATION OF THE REAL INTEREST RATE

Asset market equilibrium:

NtB
y
t = −Nt−1Bm

t

(1 + gt)By
t = −Bm

t

Demand and supply of loans:

Ld
t =

1 + gt

1 + rt
Dt

Ls
t =

β

1 + β
(Ym

t −Dt−1)
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DETERMINATION OF THE REAL INTEREST RATE

Expression for the real interest rate:

1 + rt =
1 + β

β

(1 + gt)Dt

Ym
t −Dt−1

Determinants of the real interest rate:

I Tighter collateral constraint reduces the real interest rate

I Lower rate of population growth reduces the real interest rate
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PRICE LEVEL DETERMINATION
Euler equation for nominal bonds:

1
Cm

t
= βEt

1
Co

t+1
(1 + it)

Pt

Pt+1

it ≥ 0

Bound on steady state inflation:

Π̄ ≥ 1
1 + r

I If steady state real rate is negative, steady state inflation must be
positive

I No equilibrium with inflation below Π̄
I But what happens when prices are NOT flexible and the central

bank does not tolerate inflation Π̄ or higher?

Money
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ENDOGENOUS PRODUCTION

Production and income:

Yt = Lα
t

I Labor only factor of production
I Firms are perfectly competitive

Labor supply:
I Constant inelastic labor supply from households
I Assume only middle-generation household supplies labor
I Possibility of unemployment due to wage rigidity
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AGGREGATE SUPPLY - FULL EMPLOYMENT

Output and labor demand:

Yt = Lα
t

Wt

Pt
= αLα−1

t

Labor supply:
I Middle-generation households supply a constant level of labor L̄
I Implies a constant market clearing real wage W̄ = αL̄α−1

I Implies a constant full-employment level of output: Yfe = L̄α
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DOWNWARD NOMINAL WAGE RIGIDITY

Partial wage adjustment:

Wt = max
{

W̃t, PtαL̄α−1
}

where W̃t = γWt−1 + (1− γ)PtαL̄α−1

Wage rigidity and unemployment:

I W̃t is a wage norm
I If real wages exceed market clearing level, employment is

rationed
I Unemployment: Ut = L̄− Lt

I Similar assumption in Kocherlakota (2013) and Schmitt-Grohe
and Uribe (2013)
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STEADY STATE AGGREGATE SUPPLY RELATION

For positive steady state inflation:

Y = Yfe = L̄α

For steady state deflation:

Y
Yfe

=

(
1− γ

Π
1− γ

) α
1−α

I Upward sloping relationship between inflation and output
I Vertical line at full-employment
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AGGREGATE SUPPLY RELATION
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STEADY STATE AGGREGATE DEMAND

RELATION

Above binding ZLB:

1 + i∗

Π

(
Π
Π∗

)φπ

=
1 + β

β

(1 + g)D
Y−D

Binding ZLB:

1
Π

=
1 + β

β

(1 + g)D
Y−D

Inflation rate at which ZLB binds:
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(

1
1 + i∗

) 1
φπ
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FULL EMPLOYMENT STEADY STATE
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EFFECT OF A FALL IN THE NATURAL RATE
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PROPERTIES OF THE STAGNATION STEADY

STATE

Long slump:
I Binding zero lower bound so long as natural rate is negative
I Deflation raises real wages above market-clearing level
I Output persistently below full-employment level

Existence and stability:
I Secular stagnation steady state exists so long as γ > 0
I If Π∗ = 1, secular stagnation steady state is unique and

determinate
I Contrast to deflation steady state emphasized in Benhabib,

Schmitt-Grohe and Uribe (2001)
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MONETARY POLICY RESPONSES

Forward guidance:
I Extended commitment to keep nominal rates low?
I Ineffective if households/firms expect rates to remain low

indefinitely
I IS curve not forward-looking in the same manner as New

Keynesian IS curve

Raising the inflation target:
I For sufficiently high inflation target, full employment steady

state exists.
I Timidity trap (Krugman (2014))
I Multiple determinate steady states
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RAISING THE INFLATION TARGET
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EXPANSIONARY FISCAL POLICY
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PERMANENT INCREASE IN PUBLIC DEBT

Consider steady state following fiscal rule:

To = β (1 + r)Tm

Ld =
1 + g
1 + r

D + Bg

Ls =
β

1 + β
(Ym −D)− 1

1 + β

Yo

1 + r

Implications for natural rate:
I Changes in taxation have no effects on loan supply
I Permanent rise in public debt always raises the real rate
I Public debt circumvents the tightening credit friction (Woodford

(1990))
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TEMPORARY INCREASE IN PUBLIC DEBT

Under constant population and set Gt = Ty
t = Bg

t−1 = 0:

Tm
t = −Bg

t

To
t+1 = (1 + rt)Bg

t

Implications for natural rate:
I Loan demand and loan supply effects cancel out
I Temporary increases in public debt ineffective in raising real rate
I Temporary monetary expansion equivalent to temporary

expansion in public debt at the zero lower bound
I Effect of an increase in public debt depends on beliefs about

future fiscal policy
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DEMOGRAPHICS

Definitions:
I Nj,t for j ∈ {0, . . . , J} is the population at time t of a cohort of

age j

I pj,t+1 for j ∈ {0, . . . , J} is the probability of survival between t
and t + 1 for a household of age j

Population dynamics:

Nj+1,t+1 = pj,t+1Nj,t

N0,t+1 = nt+1Nt

Nt =
J

∑
j=0

Nj,t

24 / 41



HOUSEHOLDS

Objective function:

Ut = max
cj,t+j, aj+1,t+1

Et

(
βJst,t+Jv

(
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)
+

J

∑
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βjst,t+ju
(
cj,t+j

))

st,t+j =
j−1

∏
l=0

pt+l,t+l+1

Budget and debt constraints:

cj,t+j + ζt+jaj+1,t+1 = wt+jhcj + Πj,t+j

+
(
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t+j + ζt+j (1− δ)

)(
aj,t+j + qj,t+j +

1− pj−1,t+j

pj−1,t+j
aj,t+j

)
ζtaj+1,t+1 ≥ φj,t

a0,t = 0
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HOUSEHOLD OPTIMALITY CONDITIONS

Household Euler equation:

ζt+juc
(
cj,t+j

)
= βEt+juc

(
cj+1,t+j+1

) (
rk

t+j+1 + ζt+j+1 (1− δ)
)
+ µj,t+j

µj,t+j ≥ 0

aj+1,t+j+1 ≥ φj,t+j

Optimal bequest condition:

uc
(
cJ,t+J

)
= va

(
aJ+1,t+J+1

)
+ µJ,t+J

µJ,t+J ≥ 0

aJ+1,t+J+1 ≥ 0

Risk-free rate:

1 + rt =
rk

t+1 + (1− δ) ζt+1

ζt
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FINAL GOODS FIRMS

Firms’ optimization problem:

max
pt (i)

Pt
yt (i)−

pint
t
Pt

yt (i)

subject to yt (i) = Yt

(
pt (i)

Pt

)−θt

Optimality condition:

pt (i)
Pt

=
θt

θt − 1
pint

t
Pt

Pt =

(∫
pt (i)

1−θt di
) 1

1−θt
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t
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=
θt − 1
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INTERMEDIATE GOODS FIRMS

Firm’s problem:

Πint
t = max

pint
t
Pt

Yt −wtLt − rk
t Kt

subject to Yt =
(

α (Ak,tKt)
σ−1

σ + (1− α) (Al,tLt)
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σ
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Factor demands:
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pint
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) 1
σ

rk
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MARKET CLEARING
Labor market clearing:

Lt =
J

∑
j=0

Nj,thcj

Asset market clearing:

Kt+1 =
J

∑
j=0

Nj,taj+1,t+1

Distribution of bequests and profits:

NJ,t−1aJ+1,t =
J

∑
j=0

Nj,tqj,t

Yt

(
1− pint

t
Pt

)
=

J

∑
j=0

Nj,tΠj,t
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CALIBRATION STRATEGY

I Set of parameters directly measured in the data (survival rates,
productivity growth, etc.)

I Set of parameters taken from the literature (IES, production
elasticity)

I Set of parameters chosen to match key targets

I Interest rate in 2015

I Match the investment to output ratio and labor share in 2015

I Data on bequests and unsecured consumer credit

I Study both stationary equilibrium and nonlinear transition path
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CALIBRATION

DATA AND RELATED LITERATURE

Panel A: Data Symbol Value Source
Mortality profile sj,t US mortality tables, CDC
Income profile hcj Gourinchas and Parker (2002)
Total fertility rate n 1.88 US Census Bureau
Prod. growth g 0.65% Fernald (2012)
Gov. spending G 21.3% CEA
Public debt Bg 118% Flow of Funds

Panel B: Related literature
EIS ρ 0.75 Cooley and Prescott (1996)
Production EIS σ 0.6 Oberfield and Raval (2014)
Deprecation δ 12% Jorgenson (1996)
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CALIBRATION

TARGETED MOMENTS

Targets Model/Data Source
Natural rate of interest −1.47% PCE FFR
Investment to output ratio 15.9% NIPA
Consumer debt to output ratio 6.3% Flow of Funds
Labor share 66.0% Elsby (2013)
Bequests to output 3.0% Lutz (2001)

Parameters chosen to match targets Symbol Value
Rate of time preference β 0.98
Borrowing limit (% of annual income) D 23.4%
Bequests parameter µ 21.6
Retailer elasticity of substitution θ 4.9
Capital share parameter α 0.24
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IMPLICATIONS FOR SECULAR STAGNATION

I If the natural rate of interest is too low relative to the inflation
target, zero lower bound may be binding indefinitely

I Recalibrate model to fully explain the 15% deviation of US
output from its pre-recession trend

I With inflation target Π̄ is 2%, we project that neutral interest rate
remains below −2% in medium term (2015-2030) implying a
binding zero lower bound for foreseeable future

I In the presence of nominal wage rigidities, binding ZLB may
lead to prolonged output gap

I Increased risk of zero lower bound episodes and complications
for monetary policy to cushion against demand shocks
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OUTPUT GAP AT THE ZLB
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DECOMPOSITION OF FALL IN INTEREST RATES

1970 TO 2015

Forcing variable ∆ in r % of total ∆ 1970 2015
∆ interest rate −4.02 100% 2.55% -1.47%
Mortality rate −1.82 43% 70.7 78.7
Total fertility rate −1.84 43% 2.8 1.9
Prod. growth −1.90 44% 2.02% 0.65%
Government debt +2.11 -49% 42% 118%
Labor share −0.52 12% 72.4% 66.0%
Price of inv. goods −0.44 10% 1.3 1.0
Change in debt limit +0.13 -3% 4.21% 6.33%
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RESTORING A POSITIVE NATURAL RATE

Can we raise the natural rate?

I FOMC anticipates a long-run neutral real interest rate of 1%

I What changes are needed to raise the natural rate to that level?

Forcing variable 2015 Counterfactual
Total fertility rate 1.88 3.28
Government debt (% of GDP) 118% 215%
Productivity growth 0.65% 2.43%
Relative price of investment goods 1.00 2.43
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POSTWAR BABY BOOM

POPULATION DISTRIBUTION

37 / 41



POSTWAR BABY BOOM

TRANSITION PATH
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COMBINED EFFECT

TRANSITION PATH

-4.00	

-2.00	

0.00	

2.00	

4.00	

6.00	

8.00	

1970	 1976	 1982	 1988	 1994	 2000	 2006	 2012	 2018	 2024	 2030	

US	FFR	-	HP	Trend	

Model	Natural	Rate	

Model	Natural	Rate	-	ProjecAon	

I/Y and K/Y Ratio
39 / 41



OBJECTIONS TO LOW NATURAL RATES OF

INTEREST

I Objection: Secular stagnation models may imply dynamic
inefficiency

I Typical dynamic efficiency condition is satisfied in quantitative
model: MPK− δ > n

I Presence of firm monopoly powers places a wedge between MPK
(1.8%) and rental rate

I Objection: Average product of capital fairly stable over postwar
period (Gomme, Ravikumar, and Rupert (2015))

I Average return on capital in the model falls by 60 basis points
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SUMMARY OF FINDINGS

I Locally determinate secular stagnation steady state

I Distinct policy recommendations relative to existing class of ZLB
models

I Slower TFP growth and aging can explain the magnitude of the
fall in real interest rates

I Can generate an estimate for the natural rate of interest that is
substantially negative today and likely to remain negative in the
immediate future

I Demographic factors best fit the medium-term behavior of
interest rates and relative stability of I/Y
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Additional Slides
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AAA AND BAA SPREADS
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I/Y AND K/Y RATIOS
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MONEY
Money demand condition:

Cm
t v′ (Mt) =

it
1 + it

Government budget constraint:

Bg
t + Mt + Tm

t +
1

1 + gt−1
To

t = Gt +
1

1 + gt−1

(
1 + it−1

Πt
Bg

t−1 +
1

Πt
Mt−1

)

Implications:
I Assume that money demand is satiated at the zero lower bound

I Fiscal policy keeps real government liabilities constant

I Open market operations and QE leave constant the consolidated level of
government liabilities
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INVESTMENT TO OUTPUT RATIO

10%	

12%	

14%	

16%	

18%	

20%	

22%	

24%	

26%	

1970	 1976	 1982	 1988	 1994	 2000	 2006	 2012	

US	Private	Fixed	Investment	
US	Gross	Saving	
Model	-	I/Y	RaDo	

46 / 41



K/Y RATIO AND AVERAGE PRODUCT
Capital to output ratio:

I The K/Y ratio in our model rises from 0.92 to 1.22 from 1970 to 2015

I K/Y ratio for business capital (relative to business value added)
averages 1.10 to 1.43 from 2000-2015

I K/Y ratio for business capital (relative to gross domestic income)
averages 0.83 to 1.08 from 2000-2015

Average product of capital:

I The average product of capital falls from 18.1% in 1970 to 17.5% in 2016

I Measure average product as output less depreciation and payments to
labor divided by capital stock: pkK

I APK averages 14.6% from 2000-2015 period measured as business
profits divided by business capital

Back
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MARKUPS AND INTERMEDIATION WEDGE

Markups:
K
Y

= Aσ−1
k

(
(1− µ)α

r + δ

)σ

Intermediation Wedge:

K
Y

= Aσ−1
k

(
α

r + ω + δ

)σ

I Rising product market markups could explain falling labor share

I Increase in intermediation wedge would not generate changes in
income shares
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	Appendix

